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Role of conformational entropy in force-induced bio-polymer unfolding
Sanjay Kumar,1 Iwan Jensen,2 Jesper L. Jacobsen,3 and Anthony J. Guttmann2
1Department of Physics, Banaras Hindu University, Varanasi 221 005, India
2ARC Centre of Excellence for Mathematics and Statistics of Complex Systems,
Department of Mathematics and Statistics, The University of Melbourne, Victoria 3010, Australia
3Universite´ Paris Sud, UMR8626, LPTMS, F-91405 Orsay Cedex, France
Service de Physique The´orique, CEA Saclay, F-91191 Gif-sur-Yvette, France
A statistical mechanical description of flexible and semi-flexible polymer chains in a poor solvent is
developed in the constant force and constant distance ensembles. We predict the existence of many
intermediate states at low temperatures stabilized by the force. A unified response to pulling and
compressing forces has been obtained in the constant distance ensemble. We show the signature of
a cross-over length which increases linearly with the chain length. Below this cross-over length, the
critical force of unfolding decreases with temperature, while above, it increases with temperature.
For stiff chains, we report for the first time “saw-tooth” like behavior in the force-extension curves
which has been seen earlier in the case of protein unfolding.
PACS numbers: 64.90.+b,36.20.Ey,82.35.Jk,87.14.Gg
During the past decade force has been used as a ther-
modynamic variable to understand molecular interac-
tions and their role in the structure of bio-molecules
[1, 2]. By exerting a force in the pN range one can
experimentally study the elastic, mechanical, structural
and functional properties of bio-molecules [3]. The de-
pendence of force on concentration, pH of the solvent,
loading rate and temperature provides basic understand-
ing of the interactions [4, 5, 6]. Many biological reac-
tions involve large conformational changes which provide
well defined mechanical reaction co-ordinates, e.g. the
end-to-end distance of a polymer, that can be used to
follow the progress of the reaction [3]. Such processes
have been modeled by a simple two state model [3]. The
applied force “tilts” the free energy surface along the re-
action co-ordinate by an amount linearly dependent on
the end-to-end distance. The kind of transitions induced
by the applied force are the folding-unfolding transition
of proteins [1], the stretching and unzipping transition of
dsDNA [7, 8] or the ball-string transition of a polymer
[10]. From polymer theory we know that a polymer chain
will, depending on temperature, be in either a collapsed
state or a swollen state [11]. The end-to-end distance
〈R〉 scales as Nν , where N is the chain length and ν is
the end-to-end distance exponent. In the collapsed state
(low temperatures) ν = 1/d, while at high temperatures
ν is given quite accurately by the Flory approximation
ν = 3/(d + 2) [11] (actually this formula is exact for
d = 1, 2 and 4). It should be noted that by varying
temperature alone, a polymer can not acquire the con-
formation of a stretched state where ν = 1. Hence force
not only “tilts” the free energy surface but also induces
a new “stretched state” which is otherwise not accessi-
ble. Moreover, recent experiments suggest that there are
many intermediate states involved which are crucial to
the understanding of unfolding experiments and lie be-
yond the scope of two state models [10, 12, 13].
The non-equilibrium thermodynamics of small systems
has mostly been studied in the “constant force ensemble”
(CFE) where the control parameter is the average exten-
sion. Most applications of atomic force microscopy apply
the force using a linear ramp protocol with a very small
velocity. Such systems may be considered to be in quasi-
static equilibrium and the appropriate ensemble is the
“constant distance ensemble” (CDE). In the thermody-
namic limit both ensembles are expected to give similar
results [14]. However, single molecule experiments study
systems of finite size and the results may depend on the
ensemble [15]. Apart from this, the physical constraints
imposed by experimental setups have not been fully taken
into account. For example, in atomic force microscopes,
receptor and ligand molecules are attached to a substrate
and a transducer, respectively. The loss of entropy due
to the confinement has been ignored in most models.
Theoretically these transitions have been studied us-
ing simple models such as freely jointed chain (FJC)
or worm like chain (WLC) models [16, 17]. The WLC
model has been used to study the force-extension curves
of bio-molecules. However, this model ignores excluded
volume effects and attractive interactions between chain
segments and is thus only well suited for modeling the
stretching of polymers in a good solvent [17]. For a poly-
mer in a poor solvent, the force-extension curve shows
the existence of a plateau region at a well defined force
[10, 12]. Experimental observations of polymers in poor
solvents and an improved theoretical understanding of
semi-flexible polymers have given rise to theories of glob-
ules with well defined internal structure [18, 19]. These
theories have potential applications in the study and un-
derstanding of the basic mechanisms of protein folding.
The purpose of this communication is firstly to pro-
vide a complete phase diagram using exact results of fi-
nite chains. However, we focus our studies on the be-
havior of the force-extension curves at low temperatures
where the usual Monte Carlo approach and the theoret-
ical models discussed above fail. These studies have di-
rect relevance to phenomena seen in experiments with
single biomolecules. We report the existence of interme-
2FIG. 1: An ISAW on the square lattice with one end attached
to a surface and subject to a pulling force on the other end.
diate states stabilized by the force at low temperatures.
We also show the signature of a crossover length, below
which the transition temperature decreases with force,
while above the crossover length the transition tempera-
ture increases with force. When bending rigidity is taken
into account, we predict “saw-tooth” like oscillations in
the regime of large polymer stiffness, as observed in pro-
tein unfolding experiments.
To obtain exact results for small chains we model them
as interacting self-avoiding walks (ISAWs) on the square
lattice [20] as shown in Fig. 1. Interactions are introduced
between non-bonded nearest neighbor monomers. In our
model one end of the polymer is attached to an impene-
trable neutral surface (there are no interactions with this
surface) while the polymer is being pulled from the other
end with a force acting along the x-axis to model the
experimental setup. We introduce Boltzmann weights
ω = exp(−ǫ/kBT ) and u = exp(−F/kBT ) conjugate to
the nearest neighbor interactions and force, respectively,
where ǫ is the interaction energy, kB is Boltzmann’s con-
stant, T the temperature and F the applied force. In the
rest of this study we set ǫ = −1 and kB = 1. We study
the finite-length partition functions
ZN(F, T ) =
∑
all walks
ωmux=
∑
m,x
C(N,m, x)ωmux, (1)
where C(N,m, x) is the number of ISAWs of length
N having m nearest neighbor contacts and whose
end-points are a distance x = xN − x0 apart.
The partition functions of the CFE, ZN (F, T ), and
CDE, ZN (x, T ) =
∑
m C(N,m, x)ω
m, are related by
ZN (F, T ) =
∑
x ZN (x, T )u
x. The free energies are eval-
uated from the partition functions
G(x) = −T logZN(x) and G(F ) = −T logZN (F ). (2)
Here 〈x〉 = ∂G(F )
∂F
and 〈F 〉 = ∂G(x)
∂x
are the control pa-
rameters of the CFE and CDE, respectively.
We enumerate all possible conformations of the ISAW
by exact enumeration techniques. The major advantage
of this approach is that the complete finite-length par-
tition functions can be analyzed exactly. Furthermore
scaling corrections can be taken into account by suitable
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FIG. 2: The phase diagram for flexible chains.
extrapolation schemes enabling us to obtain accurate es-
timates in the thermodynamic (infinite length) limit [21].
To achieve a similar degree of accuracy using Monte Carlo
simulations one typically has to use chains at least two
orders of magnitude longer than in the exact enumera-
tions [22]. The greatest challenge facing exact enumer-
ations is to increase the chain length. Until now most
exact results for models of small proteins were confined
to chain lengths of 30 or so [23, 24]. Here the number of
ISAWs was calculated using transfer matrix techniques
[25]. Combined with parallel processing, we were able to
almost double the chain length. To be precise we calcu-
late the partition functions up to chain length 55.
In Fig. 2, we show the force-temperature phase di-
agram for flexible chains. The qualitative phase dia-
gram remains largely the same [24]. The observed re-
entrant behaviour can be explained by a ground state
with non-zero entropy [24, 26]. However, the extension
up to length 55, allowed us to obtain a new transition
line from the extended state to the stretched state which
is solely induced by the applied force. In contrast to
the lower phase boundary (collapse transition), where
the force decreases with temperature, the upper phase
boundary (stretching transition) shows that the force in-
creases with the temperature.
First we study the model in the CFE. In Fig. 3a, we
plot the average scaled elongation with force for different
chain lengths at low temperature. Experimentally sev-
eral transitions were found in the force-extension curves
corresponding to many intermediate states [9, 10, 12, 13].
This phenomenon is clearly confirmed by our study. It
has been argued that in the limit of infinite chain length,
the intermediate states should vanish and there will be
an abrupt transition between a folded and fully extended
state [23]. Evidence to this effect can also be seen in
Fig. 3a where we note that the plateaus at an exten-
sion around 0.2 tends to increase with N while the other
plateaus tend to shrink with N (this is particularly so for
the plateau around 0.5 corresponding to a simple zig-zag
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FIG. 3: The average scaled elongation 〈x〉/N vs F at T =
0.01 for various lengths (a) and temperatures at length N =
55 (b).
pattern of the chain). Note however, that as we change
the chain length from 25 to 55, we find more and more of
these intermediate states. This has also been observed in
recent experiments [9, 10] where the globule deforms into
an ellipse and then into a cylinder. At a critical exten-
sion the polymer undergoes a sharp first order transition
into a “ball string” conformation [9, 10]. This shows that
finite size effects are crucial in all the single molecule ex-
periments and can be seen even for long chains [13]. A
simple theoretical argument for the observed behavior
is that at low temperature, where the entropy S (per
monomer) of the chain is quite low, the dominant contri-
bution to the free energy
G = Nǫ− σ(N,F )ǫ −NTS (3)
is the non-bonded nearest-neighbor interaction Nǫ. The
second term is a surface correction and it vanishes in the
thermodynamic limit. However for finite N , the system
has many degenerate states depending upon the shape
of the globule. This leads to a surface correction term
σ(N,F ) which is a function of N and F . If F = 0
the shape of the globule is like a square and the sur-
face correction term σ(N, 0) will be minimized and equal
to 2
√
N . In the CFE, there is a force induced additional
contribution proportional to the extension of the glob-
ule which along with σ(N,F ) stabilizes the intermediate
states. When the temperature increases the multi-step
character of the force-extension curve is washed out due
to increased contributions from entropy. This effect can
be clearly seen in Fig. 3b where we have plotted force-
extension curves at different T .
Next we study the model in the CDE. The force-
extension curve shown in the insert of Fig. 4a has inter-
esting features. It shows that when the distance between
the first and the last monomer (where force is applied)
is less than the average size of the coil (without force),
one needs a compressing force instead of a pulling force.
The qualitative behavior is similar to one observed in
experiments [27] and computer simulations [28]. Since
most models do not include confinement in their descrip-
tion, such behavior could not be predicted. In Fig. 4a,
we show the response of the force when the elongation
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FIG. 4: Plot of the average force 〈F 〉 vs the elongation x
at various temperatures T for N = 55 (a) and the cross-over
length vs N (b).
exceeds the average size of the polymer. The flat por-
tion of the curve gives the average force needed to unfold
the chain. Such plateaus have been seen in experiments
[10, 12, 13]. From Fig. 4a one can also see that the force
required to obtain a given extension initially decreases
with temperature. But beyond a certain extension (close
to 30 in this case) the required force increases with tem-
perature. We note that the curves cross each other at
a ‘critical’ extension for any temperature (below the θ-
point). We identify this as a cross-over point. In Fig. 4b
we plot the position of the cross-over point Lcross as a
function of the length N of the polymer chain. We see
that the crossover extension increases linearly with the
chain length. This shows that above this point the chain
acquires the conformation of the stretched state. The in-
crease in force with temperature generates a tension in
the chain sufficient to overcome the entropic effect. Since
the contribution to the free energy from this term is TS
(S being the entropy), more force is needed at higher T as
seen in experiments. Our exact analysis for finite chain
length shows that applying a force at first favors taking
the polymer from the folded state to the unfolded state.
However, rupture or second unfolding occurs when the
tethered or unfolded chain attains the stretched state,
and one requires more force at higher temperature.
We model semi-flexible polymers by associating a pos-
itive energy ǫb with each turn or bend of the walk [24].
The corresponding Boltzmann weight is ωb = exp(−bǫb),
where b is the number of bends in the ISAW. We again
enumerate all walks, but because of the additional pa-
rameter ωb, we were restricted to 45 steps. For a semi-
flexible polymer chain, a stretched state may be favored
by increasing the stiffness. The phase diagram for semi-
flexible chains is now well established. It has three states
namely (i) an open coil state at high temperature, (ii) a
molten globule at low temperature and low stiffness and
(iii) a ’frozen’ or ’folded’ state at low temperature and
large stiffness [18, 19, 24]. We note that while the flexible
and semi-flexible F −T phase-diagrams are qualitatively
similar [24], the re-entrant behavior is suppressed because
of stiffness and becomes less pronounced with increasing
bending energy. In the CFE, the probability distribution
of the end-to-end distance has ”saw-tooth” like behav-
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FIG. 5: Plot of 〈F 〉 vs x for a semi-flexible chain with bending
energy ǫb = 0.3 at different T for N = 45
ior corresponding to intermediate states during unfold-
ing [24]. Therefore, it is important to study the effect of
stiffness on force-extension curves in the CDE. The force
extension curves shown in Fig. 5 have striking differences
to the flexible ones. At low temperatures we see strong
oscillations which vanish as the temperature is increased.
Since the polymer chain has “frozen conformations” like
β−sheets (the zero-force limit of which describes zig-zag
configurations inscribed in a square) [30], it takes more
force to unfold a layer. When about half a layer has been
opened, the bending energy favors a complete stretching
of the layers and hence the force decreases. This phe-
nomenon allows us to probe a molecule like Titin which
has similar β-sheet structure [29].
To summarize, we have presented the exact solution
of a model of long (finite) polymer chains, of direct rel-
evance to recent experiments on the elastic properties of
single biomolecules. The model takes into account several
constraints imposed by the experimental setups: geomet-
ric constraints, excluded volume effects, attraction be-
tween chain segments, finite but large chain length (here
up to N = 55). It permits one to choose the thermody-
namic ensemble (CFE or CDE) dictated by the experi-
mental protocol. The exact enumeration data permits us
to access all parameter values, including biologically rele-
vant low temperatures where previous studies have failed.
Our results correctly reproduce several experimentally
observed effects: multiple transitions during unfolding,
“saw-tooth” like oscillations in the force-extension curve
of semi-flexible chains and first-order transition into a
“ball string” conformation. Finally, we have identified
cross-over behavior that provides a unified treatment of
both pulling and compressing forces in the CDE.
We would like to thank MPIPKS, Dresden, Germany
(SK), the Australian Research Council (IJ,AJG), and the
Indo-French Centre for the Promotion of Advanced Re-
search (CEFIPRA) (JLJ). We used the computational
resources of APAC and VPAC.
[1] M. Rief et al, Science 276, 1109 (1997).
[2] M. S. Z. Kellermayer et al, Science 276 , 1112 (1997); L.
Tskhovrebova et al, Nature 387, 308 (1997).
[3] C. Bustamante et al, Annu. Rev. Biochem. 73, 705
(2004).
[4] L. S. Itzhaki and P. A. Evans, Protein Sci. 5, 140 (1996).
[5] I. Rouzina and V. A. Bloomfield, Biophys. J. 80, 882
(2001); ibid 80, 894 (2001).
[6] E. Evans and K. Ritchie, Biophys. J. 72, 1541 (1997);
ibid 76, 2439 (1999).
[7] S. M. Bhattacharjee, J. Phys. A 33, L423 (2000).
[8] C. Bustamante, Z. Bryant, and S. B. Smith, Nature 421,
423 (2003).
[9] H. Dietz and M. Rief (2004) PNAS 101, 16192 (2004).
[10] B. J. Haupt, T. J. Senden, and E. M. Sevick, Langmuir
18, 2174 (2002).
[11] P. G. de Gennes Scaling Concepts in Polymer Physics
(Cornell University Press: Ithaca, 1979).
[12] H. Mao et al , Biophys. J. 89, 1308 (2005).
[13] A. S. Lemak, J. R. Lepock, and J. Z. Y. Chen, Phys. Rev.
E 67, 031910 (2003); Proteins: Structures, Function and
Genetics 51, 224 (2003).
[14] C. Bustamante, J. Liphardt, and F. Ritort, Phys. Today
58, 43 (2005).
[15] M. Zemanova and T. Bleha, Macromol. Theory Simul.
14, 596 (2005).
[16] M. Fixman, J. Chem. Phys. 58, 1559 (1973).
[17] M. Doi and S. F. Edwards, Theory of Polymer Dynamics
(Oxford University Press: Oxford, 1988).
[18] U. Bastolla and P. Grassberger, J. Stat. Phys. 89, 1061
(1997).
[19] S. Doniach, T. Garel. and H. Orland, J. Chem. Phys.
105, 1601 (1996).
[20] C. Vanderzande, Lattice Models of Polymers (Cambridge
University Press: Cambridge, 1998).
[21] A. J. Guttmann, Phase Transitions and Critical Phenom-
ena vol. 13, edited by C. Domb and J. L. Lebowitz (Aca-
demic Press: New York, 1989).
[22] Y. Singh, D. Giri, and S. Kumar, J. Phys. A 34, L67
(2001).
[23] D. Marenduzzo et al, Phys. Rev. Lett. 90, 088301 (2003).
[24] S. Kumar and D. Giri, Phys. Rev. E 72, 052901 (2005),
Phys. Rev. Lett. 98, 048101 (2007).
[25] I. Jensen, J. Phys. A 37, 5503 (2004).
[26] E. Orlandini et al, J. Phys. A 34, L751 (2001); D. Maren-
duzzo et al, Phys. Rev. Lett. 88, 028102 (2002).
[27] M. C. Guffond, D. R. M. Williams, and E. M. Sevick,
Langmuir 13, 5691 (1997).
[28] J. Jimenez and R. Rajagopalan, Langmuir 14, 2598
(1998).
[29] M. Rief et al, Science 275, 1295 (1997).
[30] In 3D [V. A. Ivanov et al, Macromol. Th. Sim. 9, 488
(2000)] a toroidal state dominates for stiff chains at low
temperatures with no applied force. In our (2D) model
toroidal states are topologically impossible. However the
β−sheet conformations are analogous to toroidal states.
